
 

2 1 Rings 2.2 Fields

Ring commutative unital Field ring k w Ot l and trek r is a unit

Homomorphism x R s Lem 22.2 Homobetween fields is injective
Hrtr Hr Mri 4101 0 4C r Kr
Hrr yr yer 4117 1 Characteristic of R

o isnota
subringunless charr leastn o s.tn IR 0 if an

subring SER and O I CS 1
0 0 otherwise

Closed under t and

Q IR1C have char o

eg inclusion i S R is a homomorphism Fp has char p

Ex 2 1.2 A of subrings is a subring Lem2.25 char of an int dom is either 0 or prime

Exm21.3 3 homo 7L IR Lem 22.6 Yik L homoof fields Then charK Charl

Ideal IER I can R KII a AI Subfield subring of field that is a field
surjective and ker can I

prime subfield of K is the intersection of all subfields
Universal property rings and homo 413 s I L min c7L with n.lk10
With I E KerY I 4 Rt S R can MI

y 315
Lem 2.2.10 Let K be a field

s
Integraldomain R s t 0121112 1 if Chark O then prime subfield of K is IQ
and V r r ER tr o r o or r O 2 if chark p then prime subfield of K is Fp

Ideal generated by T E R CT i smallest Lem 2.2.11 Every finite field has positive char
ideal containing R

r rn air t anrn ai anER Irreducible reR if r o r not a unit and if
a bCR r ab a or b a unit

Principal ideal r

Principal idealdomain integraldomain that has Prop 2.2.14 R a principal ideal domain and 0 r ER
only principal ideals Then r is irreducible Rfr is a field

r divides s rts I a cR s t s ar

seer Exm 2.2.15 Ifp a field p is prime
Css e Cr

unit ucR if I a st u u uu I
Cus R

Coprime r s CR it for acR
Als and air a is a unit

Prop 2.1.12 R a principal ideal domain r SER
r s coprime art bs L 3aBER



3 I Ring of Polynomials 3.2 Factorizing Polynomials

Dfn 31.1 R a ring Poly over Ris a tuple Prop 32 I i k a field and f g cKet s t
Cao a s t i ai to is finite f qg tr and deger adegg

Forms ring Caoan bo.br aotbo prop32.2 k a field Then Ket PID
Aoa bobi co c

7 i 0.0 I c 2 a b Cor 3.25 k a field and let 0 f E Ket
it f is irreducible Kf is a field

Rephrasing p Caoai Ao air 1 anr

Lem 32.6 k a field and fit c Ket degf o
Lem 3 1.5 Universal property of poly ring Then fit is divisby some irreducible in Ket
R Brings V homo 4 12 B bcB
J O Rct B such that Lem 3.27 k a field and f gh EKet Suppose
Ola ceca V aER Oct b f is irreducible and flgh Then fig or f1h

Dfn 31.6 4 13 S a ring homo Inducedhomo 1hm3.28 k a field and off CKet Then
y Ret set is and 4 a Wa f af.fr fn
taek 4 t t for some ns.o aek and monic irreducible

fi fn CKet These guys are upto reordering
substitution tht 1c is invertible

Lem32.9 fit E Ket aek flat o t a IHH
Dfn 31.8 deg f largest new sit an 10
convention degCo a

Dfn3.2.10 k a field 01 flt CKet and aE K a
Lem 3.1.10 R an integral domain Then root of f The multiplicity of a MEK s t
4 deg fg deg f t degcg t a m fit but It a m t fIt
ii Rct is an integral domain
Hii units in Rct nonzero constantpolys prop 3.2.13 k a field and OtteKet Write
iv poly over R is irreducible iff hasdeg O x die for any distinct roots in k of f and
and cannot be expressed as product oftwo mi Mk for their multiplicities Then
polynomials ofdeg o

f t t a m It anmkg t

For some glt CKet that has norootsin K

Cor 3.2.14 k a field and fE Ket Suppose f
has k distinct roots with multiplicities mi mk

Then rn 1 1Mk E degcf

algebraically closed every nonconstant poly has
at least one root ink

Cor 3.2.15 Kalgebraically closed
fIt clt a mi It a Mk



33 Irreducible polynomials

Lem 33.1 k a field fEKet
I'll f constant f not irreducible
Iii degf f irreducible
iii degf iz f hasroot f reducible
iv degfc92,33 f noroot f irreducible

Dfn 33.5 primitive polywhose coats have
no commondivisor except It

Lem33.6 fct CQft I primitive poly FCHENETI
aeQ1 s t f x F

f irreducible over k

Lem 3.37 Gauss
1 primxprim prim over7L
2 irreducible over 7L irreducibleoverQ

Prop 3.38 Modp method Htt ao 1 anthem4
If 3primep s t ptan and fCFpet irreducible
overHp then f irreducible over Q

Prop 3.3.12 Eisenstein's Criterion

If 3prime p sit ptan plait i c 0 n i

and P tao then f irreducible over Q

Lem 3.3.16 p prime and crisp Then p l Pi

Exm 3.3.17 pth cyclotomic polynomial

plt I t 1 p i TP It l
is irreducible over Q



4 I Dfn Of Field Extensions Thm 4 3.7 classification of simple extensions
i me Ket monic irr poly Then I M K and

Dfn 41.1 M K M K fields homo i K M ne M algebraic such that M Kla and has

minpoly m over K
KCH fieldof rational expressions over K if M.d M d are twosuchpairs there is
KCHK an isomorphism x M M over k s't 4101 0

Dfn 4.1.10 Mik and YEM KCY subfield ii 7 Mik and a transcendental element acM
of M generatedby KUY K with 4adjoined such that M Kla

if M.d M d are two such pairs then I
4 2 Algebraic and Transcendental Elements an iso 4 M M over K suchthat Hal D

Dfn 42.1 M K NEM x is called
algebraic if 3 off cKet sit flat O
transcendental otherwise

Of algebraic numbers over Ql

Annihilatingpoly of a EM is an fcKet s t flat o

Algebraic I nonzero annihilating poly

Dfn 4 2.6 xEMalgebraic overK Theminimal
polynomial of 2 is the monic poly m satisfying

m annihilating polysof a

Lem 4.28 M K NEMalglk mcKet monic
m is min polyof 2 over K
mix o and miff ann poly fofa

o mix o degcm E degcf V J
mid o and m irreducible overK

4 3 Simple Extensions

Dfn 4 3.1 A field extension is simple if
I aEM suchthat M Kcal

Lem 43.4 m monic irred poly over K Then
Yams K is a simple extension generated

by a and the minimalpolyof a over k is m

Dfn 43.5 k a field L K m l K M extensions

of k e M M is a homomorphism over k if
this commutes M Y Mr a

e l
i'so if 4 invertible K



51 Degreesof Extensions and Polynomials 5.3 Algebraic Extensions

Dfn 51.1 Degree M k dimension of M Dfn 53.1 Mik is finitelygenerated if M NY
as a vectorspaceover K for some finite subset YEM

finite CMK c Dfn 53.2 M K is algebraic if everyelement
of M is algebraic over K

CXm 51.3 CM K al
M K I M K prop 53.4 M K is finite
kit K a Mikis finitely generated andalgebraic

M Kla dm for some xi dnEM
1hm 51.5 Kla K a simple extension with a algebraic over K
algebraic over K meket min polyof a n degcml
Then 1,402 an is a basis of KlasoverK Cor 5 3.6 Kla K simple KH K is finite
so Kcal K n Kla K is algebraic

x is algebraic over K
Cor 51.7 M K dem Then Prop QT is a subfield of E

Kla K is finite his algebraicoverK
5 4 Ruler and compass constructions

degkca EKG K
a algebraic degkla A point C is

immediately constructible from 2 if it is a pointof
Cor 51.9 intersection between twodistinct lines or circles orboth
i Mi Lik PEM LIP L E Hp K
ii M K aPEM Ciccop KC cCHB K constructible from 2 if there isa finite sequence

C Cn C of points such that Ci is immediately
Cor 5.1.11 M K x dnEM degkki di constructible from EVECi Ci i Vi
Va EKla am canwrite x intermsof a an

x ECrmx an ke Q DEIR X is a coordinateof apoint in Zr vn

where ri ranges over 0 di i Thm 54.2 E E IR and x y E1132 If x y
is constructible from 2 then there is an

5 2 Tower Law iteratedquadratic extensionof Kz containingKandy

1hm 52.1 Tower Law m L ik Cor 54.3 tf x y is constructiblefrom 2 then
1 xilie a basis of L overK and A je a n and y are algebraic over kg andtheir
basis of Mover L then Caipjtie e is a degrees over ke are powers of 2
basis of MoverK

Z M K is finite M L and l k arefinite Lem 5.4 4 Let k be a subfield of IR and aGEIR
3 EMK EM L EL K Suppose that a p are each contained in some

iteratedquadratic extensionof K Thenthere is some
Cor 5.2 4 M L L K If Mik isfinite then iteratedquadraticextension of K containing x andp
El L I em k

Prop 5 4.6 Onot trisected by rulerand compass
Cor 5 2.6 M K a in c M Then Prop 5 4.7 not duplicatedby rulerand compass
Kla dn K E Kla K Klan K props 4.8 not by rulerand compass

Reg ngonconstructible n z pi pkforpi distfermatprimes



6 1 Extending Homomorphisms Thm 6.2.12 f e Ket Then
1 3 a splitting fieldof f over k

Dfn L K M and c K M fieldextensions 2 any two splitting fields off are iso over k
Let 4 K K be a field homo wesay a 3 when M is a splitting fieldof f over K
homomorphism 6 M M extends 4 iff of autos of mover k e EM K E degas
ceca Wa Va Ek

Lem 6.2.13
Lem 61.2 M K M ik Let 4 K K I M S k f E Ket YEM Let s be s f of f overk
be a homo and 4 extend Y Let EM Then scy is the s f of f over KCY
and fct CKet Then 2 f e Ket L a subfield of StkCf containing K

f a o f Xcx 0 i.e SfxCf L K Then SFkCf is the s f
of f over L

Y injectiveliso 4k injectiveliso
6 3 The Galois Group

Lem M K M K 4 M7M extends 4 K k
et x EM algebraic over K with minpolyM Dfn 63.1 Gal M K group of automorphisms of
Then 7cal algebraicover K with min polyUtEm M over K with composition as thegroup operation

O EGaleM K iff 0cal a w AE k
Prop 61.5 x K k iso Kla Ksimplewith
min polyof a over k m KCa K simplewith D.sn 6 3.5 f e Ket Galia f GallstkCf f
min polyof a over K 4k m Then 3 iso
4 Kcal K d extending 4 satisfying Kal a Thm6.2.12 I GaliaCHIE staff K Edegf

finite
6 2 3 Splitting Fields

Rem Galklf permutes the roots ai off
Dfn 62.2 f EMet Then f splits in M if

fit p t d Ct xn term 63.7 f e kit X be setof roots of fin
for some n o and B m anEM SFKC.FI Action of Galka on x definedby

Galkcf x x x
Exm 62.3 i M algebraically closed if Vf cMet 0 a 0cal

f splits inM
Dfn 63.9 M K K so Cx dk Cai ai cMk

Dfm 62.4 f E Ket A splitting field offover Then di dk Cai dii are conjugate over k
k is an extension Mof K suchthat if VPE Ket tk
a f splits in M pcx xn o pl di idk o
Z M Kcal tn where a dn are the
roots of f in M Prop 6.3.10 f e Ket with distinctroots x ak

in Stk ft Def grouphomo 1 GaliCf 5k as
Lem 6.29 f CKet 3 a splitting field M O so where 0 di too Then e is injective and

off over K suchthat M K Edegf has image o e se
a
YonIngdate l

Prop6.2.10 Yik k iso fcKet M ans f of
fover K and M ans f of 4 41over K Then Cor 6.3.13 L K f e Ket ThenGal Cf embeds
1 I iso 4 M M extending 4 naturally as a subgroup of Galka
Z there are at most M K such extensions 4

Cor6.3.15 f E Ket with K distinct roots in STKif
Then IGalk I l k



7 1 Normality Dfn 7.2 7 Let k be a field and fit E ai t
The formal derivative of f is

Dfn 7 l l Algebraic field extension M K Df t info iaiti CKet
is normal iff V aEM the min poly ofa
splits in M Lem72.8 Dcf1g Df Dg Dfg fDg gDf Da O

Lem 7 I 2 M Kalgebraic Mik is normal Lem 7.2.10 off CKet
iff V irreducible poly fekets f splits inM f has a repeatedroot in SfxCf
or f has no roots in M f andDf have a common rootin StkCf

f andDf have a nonconstant common factor in Ket
1hm 7 l S M SIKH forsome f E Ket

Mik is finite and normal Prop7.2.11 feket irred f is inseparable Df o

Cor 7 1.6 M L K If Mik is finite Cor7.2.12 chark o every irredpolyover K is sep
and normal thenso is M L chark p o irredpoly feat is sep iff

fit bo b t t brtr's
Prop 7 1.9 M Is finite andnormal d d EM
Then a a are conjugateoverk Dfn 7 214 M Kalgebraic dem is seperable if min

polymover K is Sep M K seperable Vaemseperable
x ceca forsome YeGai Mik

For M L X
Cor 71.10 f CKet irreducible Thenthe Ex 7.2.16 M Kalgebraic M L Lik algebraic
action of GalkCf onthe rootsoff inSFkCf Lem 7.2.17 M Kseparable m L Lik separable
is transitive ht x a E Seeff 3 y cGalka
such that 6cal a Thin 7.2.19 1Gal MkH EMk b finite normal

separable extensions M K
1hm 7.1.14 M L K with M Isfinite normal
I Lik is normal 6L L b YEGal Mik 7.3 Fixed Fields
Z L K normal Gal M L is a normal
subgroup of Gal Mik and Dfn7 3.1 x Ysets HE functionsx Y Equalizer ofH

EqCH xex flat gu V f.geHGal Mik
GalCM L Gal Lik

Lem7 3.2 M Mfields HE Homo M M Then EqCH
is a subfield of M

7 2 Separability
Dfn 73.3 M field HEAutcMl Fixed field of His

Dfn 7 2.2 Anirred poly over a field is separable FixCH a cM ceca YUEH
if it has no repeated roots in its splittingfield

Lem 7 3.4 Fix H is a subfield of M
Exm 7 2.4 irreducible polynomial that'sinseparable

p prime K Eph field of rational expressions Thm 7 3.6 M fieldand HEAutCM finite Then
in u overHp and let fit TP u EM FixCH ElH1
Let a be a root off in SIKH Then

p
t aP i tic aP i TP xp fit Lem 7.3.10 M field H e Aut M PE Autcm

i o Then Fix THE 4 Fix H
x is only root of fin staff

Prop 7.3.11 Mik field extension Hnormal subgroup
of GalcmK Think FixCH K is normal



8 I Galois Correspondence

Intermediatefield of Mik subfieldofM containing K

T intermediate fields of M K
G subgroups of Gal Mik

Gal M I G
L Gal M L

Fix i G s T
H FixH

Lem 81.2
7 Li La E T L ELz Gal m L Gal Mila
HiH EG H EHz Fix Hi 2 Fix Hz

2 LET HEG
LEFixCHI H EGal M L

3 VL E T L E Fixcoralcm L
VHEY H E Gal M FixCH

Galen1
Galoiscorrespondence I e GFix

8 2 The Theorem

1hm 82 I Fundamental Theorem ofGaloisTheory
M k a finite normal separableextension

aarmI
1 The functions F G are mutuallyinverse
L Fix Gal M L and H Gal M FixCH

Z 1GailM L I EML V L E T and
M FixH IHI V HEG

3 Let LE T Then
L is a normal extension ofK
GallM L is anormal subgroup ofGalMik

and in thatcase
Gal Mik
GalCML GallLik

Cor 8 2.6 M K finite normal separable
Then V a E Mlk I 4 CAutCM over K
such that eca ta



9 1 Radicals 9.3 An unsolvable polynomial

Dfn 91.2 Let rad be the smallest subfield Lem 93.1 firredpoly over K with SEK f K
of E s't Vaea an E rad

no de Qrad separable Then degcf Galia It
a radical if a e rad

Lem 93.3 pprime f E et irred degf p
Dfn 91.5 poly over is solvable by radicals exactly p 2 real roots Then GalCf Sp
if all it's complex roots are radical

1hm 9.35 Not everypolynomial over IQ ofdegree
Lema I 6 n it Gal th l is abelian 5 is solvable by radicals

Lem 91.8 k afield n it suppose th 1 splits eg fit t Gt 3
in k Then Galkth a isabelian taek

92 Solvability by Radicals

Dfn 92.1 M K finite normal separable Then

Mik is solvable if I r o andintermediatefields

K LoEL E Elr M
s t Li Li l isnormal and Gal Li Li 1 is abelian

Ex 92.2 N M K finite normal separable If
Nim and Mik are solvable thenso is Nik

Ex92.3 S th a Q is solvable

Lem 9.24 M K finite normal separable

Mik is solvable Gal Mik is solvable

Lem a2.6 L M subfields of s t L Q and
M are finite normal and solvable Then 7
subfield Not 1C sit LUMEN and N Q is
finite normal and solvable

Sol a cE a cL for some subfield LEE
thatis finite normaland solvable overQ

Prop 9.2.10 rads so

1hm 9.2.11 f E et If f is solvableby
radicals then Gal f is solvable



10 I pthRoots in characteristic p 10 3 Multiplicative structure

Prop 10.1I pprime R aring with char R p Prop 103.1 field k every finite subgroupof K
1 0 R R r RP is homo is cyclic.c k finite k cyclic

Frobenius2 Rfield O injective automorphism
3 R finite O automorphism Cor 103.5 Every extension of one finite field

over another is simple
Rem char p rts rP sP

Cor lo3.8 prime p n I 3 an irred polyover Ap
Cor lo1.4 p prime of degree n

th1 fieldcharpeveryelementhasat most onep root
2 finitefieldcharpeveryelementhasexactlyone 10 4 Galois Groups for finite fields
pth root

Lem lo 4.2 M K fieldextension
1 K finite Mik separable

10 2 Classification of finite fields 2 Mfinite MK finite normal

Orderof a finitefieldM cardinalityof M 1Mt Prop to4.3 p prime nai Gail pin Ap is cyclic
and of orderin generatedby the Frobenius autoofEpn

WARNING order degree of a field see 22 s
zz10.22 prop 1014.6 pprime ns.t.ITpn has exactly one

Lem 10.22 let M bea finitefield Then subfield of orderpmforeach divisor m ofn and
charm p and IMI p where n EM p 1 no others xElton 2PM a

Lem 10.24 p prime ns.t Then the splitting Gall pmFp O 1 Cn
field of ten t over p hasorder ph Fixto Ifp

Lem10.25 IMI q then da a ta e M when Kln subgroup oforder k is 10
fix50 de IFpn xp a

Lem 10.27 IMI oh then M is a splitting
field of 1E t over p Gal Hpn Apm Cmm

1hm 10.28 Classification ofFinite Fields

1 Every finite field has order ph forsome
prime p and n l

Z t prime p and n it 3 field of order

pn up to iso Has char p andis a
splitting field for ten t over lip


